We consider a system of n + 1 hard balls (rods) moving freely on a straight line, where the only interaction is taking place elastic collisions between two adjacent balls. In an elastic collision of two adjacent hard balls, their velocities are redistributed according to the laws of conservation of energy and momentum. It is well known that such a dynamical system is equivalent to a system of a billiard inside a polyhedral angle, see, for example, [1] . As usual, it should be assumed that multiple collisions, i.e., collisions essential between three or more hard balls, do not occur, corresponding to that if the billiard ball hits a corner, its further motion is not defined except that the faces of the corner are mutual perpendicular.
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One of the features of a hard ball system in one dimension is that the balls always remain the same order on the line. Since we are only interested in upper bounds of the number of collisions, the information on length or distance of the system can be completely ignored for our purpose. It enables us to reduce directly the original system to an action of a reflection group, generated by n orthogonal reflections, acting on a sphere in the n dimensional Euclidean space E n , and then to a numbers game. The numbers game is intimately related to Coxeter groups, see, for example, Chapter 4 in [2] , although the main interests there are different from us.
We number the hard balls 0, 1, . . . , n in the order of increasing coordinates and write m i for the mass of ball i. In [3] , i = 1, . . . , n − 1, then the maximum number of collisions is
. The purpose of this paper is to prove the following theorem. 
In the case of equal mass, the two collision balls simply exchange their velocities. The consequences will become apparent if we observe changes of the inversion number of the sequence of velocities (v 0 , v 1 , . . . , v n ), which remains constant between collisions. The inversion number of a sequence of numbers q = (q 0 , q 1 , . . . , q n ) is defined as the number of its inversions, that is,
It is obvious that 0 inv (q)
and inv (q) = 0 if and only if q is an increasing sequence. When v i−1 > v i , a collision between ball i − 1 and i exchanges the values of the two velocities in the sequence of velocities so that its inversion number decreases 1. The collisions then sort the sequence by binary exchanges until the sequence is in increasing order, after which there can be no more collision. Therefore, the total number of collisions equals to the inversion number of the sequence of the initial velocities. In the proof of the main theorem, we will construct a sequence (depends on the time) with the similar property: its inversion number remains constant between collisions and decreases at least 1 in any collision.
T ∈ E n+1 , i = 0, 1, . . . , n, where δ ij is the Kronecker delta. Write v i for the velocity of ball i and set
Then the momentum and energy of the system read (m, v) and 1 2 ||v|| 2 respectively, where (·, ·) is the standard scalar product on E n+1 and || · || is the norm determined by the scalar product. For i = 1, . . . , n, let
and σ i be the orthogonal reflection with respect to the hyperplane passing through the origin with α i as a unit normal, that is,
It is readily seen that
and m, α 1 , . . . , α n form a basis of E n+1 as a vector space. A collision between ball i−1 and ball i is now realized geometrically by the reflection σ i , according to momentum conservation (m, v) = (m, σ i (v)) and energy conservation ||v|| 2 = ||σ i (v)|| 2 . A necessary condition for the collision really taking place is
If |i − j| > 1, then (α i , α j ) = 0, i.e., σ i commutes with σ j . It reflects the fact that some binary collisions may take place simultaneously.
We are now in a position to play a numbers game. Let p = (p 1 , . . . , p n ) thought of as a position in the game. A position p is called nonnegative if p i is nonnegative for all i = 1, . . . , n. Choose the weights
and
Moves in the game are defined as follows. A firing of i changes a position p by adding p i k ij to the j-th component of p for all j. More explicitly, a firing of i changes p in the following way: switch the sign of the i-th component, add p i k ij to each adjacent component p j , and leave all other components unchanged. Such a move is called negative if p i < 0. A negative game is one that is played with negative moves from a given starting position. The negative game terminates when it arrives a nonnegative position. A history of the original hard ball system generates an orbit of the action of the reflection group generated by σ 1 , . . . , σ n , which records the elastic collision sequence. And the orbit corresponds to a negative play sequence of the numbers game with the weights k ij by setting p = (p 1 , . . . , p n ) = ((α 1 , v) , . . . , (α n , v)).
We will show that the negative game defined as above must always terminate in
steps no matter what the starting position is and how it is played. Let p = (p 1 , . . . , p n ) be a position in the numbers game. To avoid analysis case by case, from now on let k i0 = k i,n+1 = p 0 = p n+1 = p n+2 = · · · = 0 and the same symbol p denote the augmented position (0, p 1 , . . . , p n , 0, 0, . . .).
(The values of p 0 , p n+1 , p n+2 , . . . do not change in the whole game.) Define q i = i j=0 p j , i = 0, 1, 2, . . . , and q = (q 0 , q 1 , . . . , q n ). We will call q the potential associated to the position p. Then a position is nonnegative if and only if its potential is an increasing sequence. Suppose now we fire i, 1 i n. The augmented position after the firing is
and hence the potential associated to it becomes q ′ = (q
Using the elementary inequality is increasing. Therefore, the inversion number of the potential after firing i (1 i n) inv (q ′ ) inv (q 0 , . . . , q i−2 , q i , q i−1 , q i+1 , . . . , q n ) = inv (q) − 1.
The proof is completed since 0 inv (q) n(n+1) 2 . I thank professor C.H. Gu for initiating my interests on the problem and helpful suggestions for developing the manuscript. Thank also professor H.S. Hu for constant support and encouragement.
